Let A be a symmetric positive definite linear transformation defined on a dense subset of a Hilbert space H, and let Ha be the Hilbert space completion of the domain of A with respect to the inner product (u, v)a = (Au, v). It is shown that the inverse of A is completely continuous on Ha if and only if it is completely continuous on H.
I. Introduction. In certain problems in mathematical physics, one often encounters differential operators which are defined on a dense subset of a Hilbert space and, under appropriate boundary conditions, are symmetric and semibounded. However, differential operators fail to possess certain desirable properties usually enjoyed by their inverses. One of these properties is complete continuity, and in this paper we show the equivalence of the complete continuity of this inverse in two Hilbert spaces (Theorem 2).
II. Preliminaries.
Let A be a symmetric linear transformation defined on a linear subset M which is dense in a Hilbert space H. Suppose also that A is positive definite on M; that is, suppose there exists a constant 7>0 such that (Au, u) ^ ri|w|!!, uEM.
Following the method due to K. It is easy to show that
MU^tMI, uEHa.
Let / be a fixed element in H and consider the linear functional
Ff is a bounded linear functional on HA, and hence by the Riesz Representation Theorem there exists a unique element U/EHA such that Ff(u) = (u,f) = (u, uf)a, « G HA.
We thus define an operator G from H into HA by setting Gf=uf, fEH.
We then have that
The properties of the operator G are summarized in the following two propositions, the proofs of which can be extracted from [2] and [3]. summation in the H metric of an infinite series and introduce the notation ^f,A to denote summation in the HA metric. Suppose first that G is completely continuous on H. Since G is also symmetric on H, its nonzero eigenvalues p,i, arranged according to decreasing absolute values, are of finite multiplicity and either finite or countably infinite in number ( cf. [2] ). In the latter case, Ui->0. Furthermore, every element of the form Gf, fEH, can be developed in terms of the orthonormal system {$,} of corresponding eigenvectors:
Gf = E (Gf, <t>i)4>i = E wtf. 4>i)<f>i-Since G is a positive operator on H, p.,> 0. By Proposition 2, 0 is not an eigenvalue of G and consequently the eigenvectors <pi corresponding to the nonzero eigenvalues Ui form a complete orthonormal sequence in H (cf. Consequently, Gu = Gv and u=v. Therefore, the w,-form a complete orthonormal set in HA and Gu = X fii(.u> u/)AUi, u E HA.
A It follows that G is completely continuous on HA (cf.
[2]). Conversely, suppose that G is completely continuous on HA. Since G is symmetric on HA, its nonzero eigenvalues pi, arranged according to decreasing absolute values, are of finite multiplicity and either finite or countably infinite in number. In the latter case, Pi->0.
Since G is a positive operator on HA, ju,>0. By Proposition 2, 0 is not an eigenvalue of G and consequently the eigenvectors Ut corresponding to the nonzero eigenvalues pt form a complete orthonormal sequence in HA. Setting <pi=p/1,2Ui, we see that the <j>i form an orthonormal set in H.
